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Annomayus: 6 cmamove 0anbl MOUHbIE OYSHKU CKOPOCU CXOOUMOCIU (HAULYHWUX npubauxcenutl) psaoa @ypve
1O NPOU3BOTLHOL OPIMOHOPMUPOBAHHOU CUCIEME 8EKMOPO8 8 2UlbOepmogom npocmpancmee. Mzgecmmuo, umo 6
BONPOCAX, CEA3AHHBIX C OYEHKAMU CKOPOCMU CXOOUMOCMU (HAUWIyvwux npubnruscenuil) psoos @Pypve no
MPUSOHOMEMPUYECKOU cucmeme QYHKYULl, No CHeYuarbHbiM QYHKYUIM MAMEMAmuyeckol QU3UKU, 6AdNCHYIO
Ppoab uepaem MoOylib HenpepvisHocmu pasiazaiowei 6 pao Dypve @ynxyuu. On ces3an ¢ «meopemamu
CNLOJICEHUSAY U «MEOPEMAMU YMHOJICEHUR» O CReYUanbHbIX QYHKYull mamemamuueckoll gusuku. B obwem
cyuae makux meopem Hem. Pawnee, NONb3Yscb HEKOMOPLIMU UBECHHBIMU (PAKMAMU, Mbl NOCHPOUIU
0000WeHHbIL MOOYIb HENPEPLIBHOCMU (DYHKYUY, KOMOPBIU NO360UIL OYEHUMb CKOPOCHb CXOOUMOCMU PA008
@ypve no cobcmeennvim  Gyuxyusm saoayu  Llmypma-Jluyeunis u no KIACCUHECKUM OPMO2OHANbHBIM
MHO2oUIeHaM. 30echb, pa3susdas dmu uoeu, Mbl CIMPOUM ONEepamop ycpeoueHus (cosuea), 3amem 00006ueHHbI
MOOYIlb HENPepbl6HOCMU NPOU3BOILHO20 BEKMOPA 2UlbOEPMOsa NPOCMPAHCMEd, KOMOPbLU NO380Jslem Odamb
MOYHbBIE OYEHKU CKOPOCMU CXOOUMOCMU (HAUAYYwuUx npudaudxcenuti) psaooe @ypve no Npou38oIbHbIM
OPMOHOPMUPOBAHHBIM CUCTIEMAM BEKMOPO8 8 2UlbOEPMO8OM npocmpancmee. B cmamve makoice ycmanogiena
€636 MeHcOy CKOPOCMbIO  CXOOUMOCHU U 2NA0OKOCMbIO  6eKMOpd, 4mo  Onpasobléaem  66e0eHuUe
XapaxmepucmuKuy npouU3601bHO20 GEKMOPA 6 2UlbOEPMOo8OM NPOCMPAHCMEe.

Knrouesvie cnosa: zunvbepmoso npocmpancmeo, pso @ypve, onepamop cosuea, 00006weHHbIL MOOYIb
nenpepwisihocmu, N — nonepeunux Konmozoposa.
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Abstract: the article provides accurate estimates of the rate of convergence (best approximations) of the Fourier
series in an arbitrary orthonormal system of vectors in a Hilbert space. It is known that in matters related to
estimates of the rate of convergence (best approximations) of Fourier series in the trigonometric system of
functions, in special functions of mathematical physics, an important role is played by the modulus of continuity
of the function decomposing into a Fourier series. It is associated with “addition theorems” and “multiplication
theorems” for special functions of mathematical physics. In general, there are no such theorems. Earlier, using
some well-known facts, we constructed a generalized modulus of function continuity, which made it possible to
estimate the rate of convergence of Fourier series using the eigenfunctions of the Sturm-Liouville problem and
using classical orthogonal polynomials. Here, developing these ideas, we construct an averaging (shift)
operator, then a generalized modulus of continuity of an arbitrary vector of Hilbert space, which allows us to
give exact estimates of the rate of convergence (best approximations) of the Fourier series using arbitrary
orthonormal systems of vectors in the Hilbert space. The article also establishes a relationship between the rate
of convergence and the smoothness of the vector, which justifies the introduction of the characteristics of an
arbitrary vector in a Hilbert space.

Keywords: Hilbert space, Fourier series, shift operator, generalized modulus of continuity, N - Kolmogorov
diameter.
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B cratee nmaHBI TOYHBIC OIEHKH CKOPOCTH CXOJUMOCTH (HAWIYUYIIMX TpuOmmkeHuil) psga dypwse mo
MIPOU3BOJIEHOW MOJTHOH OPTOHOPMHPOBAHHOH CHCTEME BEKTOPOB B THIIHOSPTOBOM IIPOCTPAHCTBE, yCTAaHOBJICHA
CBSI3b MEXKITy CKOPOCTBIO CXOJMMOCTH (HAMIYYIITUMHE MPUOIMKSHUSIMH ) U TJIAIKOCTHI0 BEKTOPOB MMPOCTPAHCTBA,
YTO OMpPAaBIBIBACT BBEIACHHYIO XapaKTCPUCTHUKY TIIAIKOCTH BEKTOPOB, a TAKXKE HaHBI TOYHBIC ONEHKH N —
norepedrrka Koamoroposa omHOTo Kilacca BEKTOPOB THMIIBOEPTOBA MPOCTPAHCTBA, CBSI3AHHOTO C YKa3aHHOU
XapaKTepUCTUKOU TIaJKOCTH.

Beenewm cienyromme 0003HaYeHHsL:
1. H — BeulecTBeHHOe cenapabenbHoe ruibOepToBo mpocrpanctBo ([1], c¢.155), (f,g) — ckamspHoe

npoussenenue Bekropos f,g € Hu ||f|| = /(f, f) — nHopma Bekropa f € H.
2.{gn} € H — nonHas oprOHOPMUPOBAHHASI CUCTEMA BEKTOPOB

F~Y alPgn el = (.00, n=01,.. (1)
psan dypobe Bektopa f € H, "
(D= ). cu()gai N=01,..

0sn<N
- gacTU4HBIe cymMMa psiga (1).

3.
Ex(f) = i;lf||f —Pyll, N=01,..
N

- Hamty4mee npuoiamkeHne Bexropa f € H nonmHomamu

Py = Z angn; N=01,..

0=n<N
(m3BectHo ([1], ¢.150), uro

[e]

I =) (),

n=0

B0 =l - S = 1= Y = | o |
0sn<N nzN

dy(M) = dy (M; H) = inf {sup { inf IIf - gn}}.

Gy \feEM \geGn
rae mociuemHui pa3 inf Oepercs mo BceMm moanpocTpaHctBaM Gy € H pasmeprnoctu N EN— N —

nonepeynuk Koamoroposa([2], €.182) ueHTpaspHO CHMMETPHYHOrO Kilacca BeKTOpoB M C H (hamoMHHM, 4TO
eciu

dy(M) = Sup{inf If —gll},

feM \geGn
TO HOANPOCTPAHCTBO Gy Ha3bIBAETCs SKCTPEMAIBbHBIM JUIs Kitacca M B mpocTpancTse H).
B npocrpancree H onpenenum oneparop ycpeauenus (cusura) F,: H > H
o0

Fuf = ) (A=W e(gn  0<h<1,
n=0

HeTpyaHo mokasatk, 4o Fj, yIOBIETBOPSET CIEAYIOINM YCIOBHSM:
1) Fp(fi + f2) = FafitFunfa,
2) F,(Af) = AF,f (A ER),
3) IFLI < NIfIl,
4) thn = (1 - h)ngn'
5) |Fnf —fIl » 0,h - 0 +.
OnpeieMM KOHEUHBIE PA3HOCTH MEPBOTO U BHICIIHX TIOPSIKOB:
Anf =Fof — f,
ALf = Ank(Aﬁ'lf) = (F, —E)*f =

<o ()

e Ff =f, thf = Fh(th_lf), j=1,2,..,k E — equHUYHBIA omiepaTop B mpocTpancTee H.
Bennuuny

Q(f,6) = Os<1}11£)6||Aﬁf||,k =12,..



Oyzem Ha3bIBaTh 000ONIEHHBIM MOJIYJIEM HENPEPHIBHOCTH BekTopa f € H.

Crienyer OTMETHTB, YTO B psiie KOHKPETHBIX CIydaeB, HAaIpUMeEp, KOrja IpOCTpaHcTBO H coBmamaer c
M3BECTHBIMU MTPOCTPAHCTBAMU L, (]R, e_xz), L,(R;, e ™*x%) (@ > —1),L, ((—1,1), 1-x)*1+ x)B)

(a > —1,8 > —1) nna omepatopa F;, MOXXHO yKa3aThb W WHTETpaJbHOE MpeAcTaBIeHUE (cM., Hamp., [3] u
[UTHUP. TaM JIUTEPAT.).

CripaBe/IIMBEI CIIETYIOLIHE TEOPEMBI.
Teopema 1. st mo6oro Bektopa f € H npu mo6om h € (0,1) cripaBeyinBa oleHKa
Ey(f) <[1- (1 -m"I*Q(f;),N=12,..,
k=12,.., (2)

IpUYeM TpH KakaAoM (pukcupoBaHHOM N KOHCTaHTa B IPaBOM 4acTH HEpaBEeHCTBA (2) yMeHbLIEHa ObITh He
MOXET.

Teopema 2. [Tycts f € H. Torna

En(f) <

k
1
1 (VDK NHL \l
< (N + 1DF (1—N—+1) f OF (f, h)dh 3)
0

(he(01); N=12,...; k=12,..),
NpUYeM, KaK W BbIIIE, NMPH KaKAOM (GHUKcHpoBaHHOM N KOHCTaHTy B HpaBOM 4acTH HepaBeHcTBa (3)
YMEHBIIUTh HENb3A.
Teopema 3. st mo6oro Bexktopa f € H tipu sobom h € (0,1) cripaBeiBa oleHKa
1

2

Qi (f;8) < | 2k(2n)%* > n*1EX() | k=12, ..,
1
ISTIS[E]
1 1
rac, Kak 06LI‘IHO, [E] - [ejasg 4acTh 4yHuciia E

Teopema 4. [ins N — nonepeunuka Konmoroposa kinacca W¥ (@) cipaseanuso paBeHCTBO
dy(W*(®); H) = [1 - (1 = V] *@(),
GbeO1;N=12.;k=12..).
DKCTpEeMabHBIM TIOIMPOCTPAHCTBOM /sl kiiacca WX (@) GymeT moanpocTpancTBo, MOposkAeHHOE CHCTEMON
BEKTOpOB g,,n =0,1,..,N — 1.
3ameuanus. 1. 3 HepaBeHCTBA
Ey(f) < [1— (1 -V (f; b)

Ex(f) _ N1
up{Qk(—f;h),fEH}—[l—(l—h) ] k,

O4YE€BUIHO, CIIEAYET PABEHCTBO

[Monaras 3aech h = N~ 1, umeem

En(f) _ 1V
Sup{—Qk(f;N‘l)'fEH}_ [1_(1_N) ]

Ex(f) (. "
sup o (. e = (1-3)

2. U3 TeopeM 1 u 3, o4eBUIHO, CICTYET, YTO
Ey(f) =0(N™%) & Q(f;6) = 0(6%)
(0<a<1,N - x).
IIpu nokaszarenbcTBax COHOPMYIMPOBAHHBIX BBIINIE TEOPEM MbI IOJIB30BAIKMCH XOPOIIO H3BECTHBIMU
MeToAaMHu (CM., Hamp., [3]-[5] u uuTHp. Tam auTep.).

-k
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